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Summary
The study of refinement pairs (a, </;), with a denoting a refinement mask, and where </;
is the corresponding refinable function, is of fundamental importance in both subdivision
and wavelet analysis, as used extensively in the application areas of, respectively, geomet-
ric modelling and signal analysis.
In this thesis we start with a given refinement pair (a, </;), and build a theory based en-
tirely on time-domain methods, to eventually yield a wavelet decomposition technique
with finite algorithms, and with the ability to efficiently detect local irregularities (or
non-smoothness) in a given signal.
After presenting, in Chapter 1, results from the literature on refinement pairs, we proceed
in Chapter 2 to prove by means of entirely time-domain methods that, for every resolution
level r E Z, the presence of zero of order N at -1 in the corresponding refinement mask
symbol A guarantees that all polynomials of degree ::; N - 1 are contained in the refine-
ment space v(r) spanned by the integer shifts of </;(2r .). In the process, a fundamental
identity for the </;-commutator operator, as well as a generalised Marsden identity, are ob-
tained. Our results hold for a larger class of refinement pairs than was established before
by means of Fourier transform methods where </; was assumed to also satisfy properties
like integer shift independence, Riesz-stability and/or bounded variation.
A quasi-interpolation operator Q r mapping, for every r E Z, real-valued functions on lR
into v(r), such that polynomials in IIN - 1 are reproduced, is then explicitly constructed
in Chapter 3, by using the results of Chapter 2.
Summary VI
Next, in Chapter 4, we characterise a local linear projection operator sequence {Pro : r E
Z}, where Pr : v(r+I) ---> v(r) , r E Z, by means of the Laurent polynomial solution A
of a certain Bezout identity based on the refinement mask symbol A. In particular, it is
shown that, provided A possesses no symmetric zeros, and A(O) =I 0, there does indeed
always exist such a Laurent polynomial A of minimal length.
Next, in Chapter 5, we define the error space sequence {w(r) : r E Z} by WeT) = {I-PrJ:
J E v(r+I)} , r E Z, and constructively, by means of solving more Bezout identities, show
the existence of a finitely supported function 7/J E V(1) such that, for every r E Z, w(r)
is spanned by the integer shifts of 7/J(2r .). According to our definition, we then call 7/) a
wavelet. The wavelet decomposition algorithm based on the quasi-interpolation operator
Qr> the projection operator Pr , and the wavelet '1jJ, is then based on finite sequences, and
is shown to possess, for a given signal J, the essential property of yielding relatively small
wavelet coefficients in regions where the support interval of 7/J(2 r . -j) overlaps with a
eN-smooth region of f.
Finally, in Chapter 7, we show how our theory can be used to deduce the known results
on the orthonormal Daubechies wavelets.
The specific example of cardinal B-splines is given prominence throughout. Also, the issue
of preservation of symmetry is analysed rigorously. Graphical examples are provided to
illustrate the theoretical results.
Opsomming
Die studie van verfyningspare (a, ¢), waar a 'n verfyningsmasker aandui, is van funda-
mentele belang in beide subdivisie en golfie analise, soos wyd gebruik word in die toepas-
singsgebiede van, onderskeidelik, geometriese modellering en seinanalise.
In hierdie tesis begin ons met 'n gegewe verfyningspaar (a, ¢), en bou ons dan 'n teorie
wat geheel en al gebaseer is op tydgebied metodes, om uiteindelik 'n golfie dekompo-
sisie tegniek met eindige algoritmes te verkry, en met die vermoe om doeltreffend lokale
onreelmatighede (of nie-gladheid) in 'n gegewe sein op te spoor en uit te wys.
Nadat ons in Hoofstuk 1 resultate uit die literatuur 001' verfynbare funksies gee, gaan
ons in Hoofstuk 2 voort om, alleenlik met behulp van tydgebied metodes, te bewys dat,
vir elke resolusievlak r E Z, die teenwoordigheid van 'n nulpunt van orde N by -1
in die ooreenkomstige verfyningsmaskersimbool A 'n waarborg is dat alle polinome van
graad ::; N - 1 bevat word in die verfyningsruimte v(r) wat onderspan word deur die
heelgetal skuiwe van ¢(2" -). In die proses word verkry 'n fundamentele identiteit vir die
¢-kommutator operator, sowel as 'n veralgemeende Marsden identiteit. Ons resultate geld
vir 'n groter klas verfynbare pare as wat vantevore daargestel is met behulp van Fourier
transform metodes waar ¢ veronderstel was om ook eienskappe soos heelgetal skuif on-
afhanklikheid, Riesz-stabiliteit en/of begrensde variasie te bevredig.
'n Kwasi-interpolant operator Qr wat, vir elke r E Z, reelwaardige funksies op lR afbeeld
in v(r), sodat polinome in I1N - 1 gereproduseer word, word dan eksplisiet gekonstrueer in
Hoofstuk 3, met behulp van Hoofstuk 2 se resultate.
Opsomming viii
Vervolgens, in Hoofstuk 4, karakteriseer ons 'n lokale lineere projeksie operator ry {Pr :
T E Z}, waar Pr : v(r+l) ---; v(r) , r' E Z, met behulp van 'n Laurent polinoom oplos-
sing A van 'n sekere Bezout identiteit gebaseer op die verfyningsmaskersimbool A. In die
besonder word getoon dat, indien A geen simmetriese nulpunte besit nie, en A(O) =I- 0,
dan bestaan daar inderdaad altyd so 'n Laurent polinoom A van minimale lengte.
Volgende, in Hoofstuk 5, definieer ons die foutruimte-ry {w(r) : T E Z} deur w(r) =
{j - Prj : J E v(r+l)}, T E Z, waarna ons konstruktief, deur nog Bezout identiteite
op te los, die bestaan aantoon van 'n eindig-ondersteunde funksie 'I/J E V(!) sodanig dat,
vir elke T E Z, w(r) onderspan word deur die heelgetal skuiwe van 'I/J(2r -). Volgens ons
definisie noem ons 'I/J dan 'n golfie. Die golfie dekomposisie algoritme gebaseer op die
kwasi-interpolasie operator Qn die projeksie operator Pn en die golfie 'I/J, is dan gebaseer
op eindige algoritmes, en word dan aangetoon om, vir 'n gegewe sein J, die essensiele
eienskap te besit om relatief klein golfie koeffisiente op te lewer in gebiede waar die
steuninterval van '1/;(2r . -j) oorvleuel met 'n CN-gladde gebied van J.
Ten slotte, in Hoofstuk 7, toon ons aan hoedat ons teorie gebruik kan word om die be-
kende resulte oor die ortonormale Daubechies golfies af te lei.
Die spesifieke voorbeeld van kardinale B-latfunksies geniet deurentyd prominensie. Verder
word die kwessie van die behoud van simmetrie deeglik ondersoek. Grafiese voorbeelde
word verskaf om die teoretiese resultate te illustreer.
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